The propagation of a premixed laminar flame supported by an exothermic chemical reaction under adiabatic conditions but subject to inhibition through a parallel endothermic chemical process is considered. The temporal stability to longitudinal perturbations of any resulting flames is investigated. The heat loss through the endothermic reaction, represented by the dimensionless parameter α, has a strong quenching effect on wave propagation. The wave speed-cooling parameter (α, c) curves are determined for a range of values of the other parameters. These curves can be monotone decreasing or S-shaped, depending on the values of the parameters β, representing the rate at which inhibitor is consumed relative to the consumption of fuel, µ, the ratio of the activation energies of the reactants and the Lewis numbers. This gives the possibility of having either one, two or three different flame velocities for the same value of the cooling parameter α. For Lewis numbers close to unity, when there are three solutions, two of them are stable and one is unstable, with two saddle-node bifurcation points on the (α, c) curve. For larger values of the Lewis numbers there is a Hopf bifurcation point on the curve, dividing it into a stable and an unstable branch. The saddle-node and Hopf bifurcation curves are also determined. The two curves have a common, Takens-Bogdanov bifurcation point.
Introduction
We consider the propagation of a flame supported by an exothermic chemical reaction under adiabatic conditions but subject to possible inhibition through a parallel endothermic chemical process. In particular, we are concerned with determining the conditions for the existence of constant-velocity constant-form flame structures, the dependence of the flame speed on the reaction parameters and the temporal stability to longitudinal perturbations of The first step has a positive exothermicity (negative reaction enthalpy) Q 1 > 0, the second step has a negative exothermicity, Q 2 < 0.
The equations governing our model, written in a reference frame moving with the flame, are (Buckmaster & Ludford, 1982; Warnatz et al., 2001; Williams, 1985; Zeldovich et al., 1985) m A (z) = ρ D A A (z) − k 1 e −E 1 /RT ρ A(z),
C p mT (z) = λT (z) + Q 1 k 1 e −E 1 /RT ρ A(z) + Q 2 k 2 e −E 2 /RT ρW (z).
For notation see the list of symbols in Table 1 . (Primes denote differentiation with respect to the travelling wave co-ordinate z.) Equations (1)- (3) are subject to the boundary conditions
Here A 0 and W 0 denote the initial mass fractions of reactants A and W and T a is the ambient temperature. Previous work on flame quenching (Buckmaster, 1976; Giovangigli, 1990; Lasseigne et al., 1999; Weber et al., 1997; Williams, 1985) has been concerned with heat removal through physical processes such as conduction or radiation. In the present case, the 'heat loss' process is controlled by the endothermic species W , which is consumed during the process at a rate which depends on the temperature and its local concentration.
We have investigated the system in the case of unit Lewis numbers (Simon et al., 2003) . From this previous work, we expect the important parameters to be represented by the dimensionless groups
which respectively represent a characteristic rate at which heat is lost by the endothermic reaction relative to the rate at which it is produced by the exothermic reaction and the rate at which the inhibitor W is consumed relative to the fuel A. In we considered the case when the temperature dependence of the reaction rates was given by step functions, being zero below specified 'ignition temperatures' and a non-zero constant, independent of temperature, above the ignition temperatures. In this special case, system (1)- (5) can be solved analytically, allowing some qualitative features of the model to be readily revealed. A modification of the system (1)-(3) has been studied previously (Gray et al., 2002; Lazarovici et al., 2002) in which a second-order reaction was taken for the fuel. This model was investigated numerically in Gray et al. (2002) and with high activation energy asymptotics in Lazarovici et al. (2002) . The aim of the present work is to determine how the dimensionless flame velocity c depends on the 'heat loss' parameter α for general values of the Lewis numbers and to determine the stability of the corresponding temperature and concentration profiles. In particular, we wish to determine whether there are critical values of α at which flame extinction occurs and values of α at which the system changes stability through a Hopf bifurcation and time-dependent structures occur.
In Section 3 we present our results concerning the shape of the bifurcation diagrams for c as a function of α, which will be referred to as (α, c) curves. We first derive some qualitative properties of the solutions analytically. We show that we can have either front waves or pulse waves in temperature depending on the relative sizes of α and β. We establish that there are two possibilities for large heat loss (Q 2 large) depending on the value of µ = E 2 /E 1 , the ratio of the activation energies for reactions. For µ > 1, i.e E 2 > E 1 , flame structures exist for all α, whereas for µ 1 there is a cut-off value α 0 of α at which the flame speed becomes zero with no flame solutions for α > α 0 . We then present our numerical results. To do so we take a fixed value for the activation energy parameter ε of ε = 0·1 and determine the (α, c) curve with pseudo-arclength continuation for different values of µ and β. Our numerical investigation reveals that the curve can have three different shapes depending on the values of µ, β and the Lewis numbers L A , L W . For µ > 1 the curve is monotone decreasing and unbounded in the α direction, i.e. there is no quenching. For µ 1 the curve is bounded in the α direction, as established theoretically, though it can have two different shapes. For larger values of β the curve is monotone decreasing whereas for smaller values of β it is S-shaped. Thus there is a range of α where there are three different wave velocities as well as a quenching value of α. These results suggest that for µ < 1 a hysteresis bifurcation occurs at certain values of β.
In Section 4 we deal with the stability of the flame solution. The structure of the spectrum of the linearized system is investigated theoretically. We present two qualitative results using the Evans function, the zeros of which are the isolated eigenvalues of the linearized system. We show, without the exact determination of the eigenvalues, that Hopf bifurcations and saddle-node bifurcations can occur at certain values of the parameters. We then determine numerically the first pair of isolated eigenvalues along the (α, c) bifurcation curves by discretizing the linearized problem with finite differences and the computing the eigenvalues of the matrix obtained from the discretization. Concerning the stability of the flame, we show that, for Lewis numbers close to unity, when there are three solutions, two of them are stable and one is unstable, i.e. there are saddle-node bifurcations at the turning points. For larger values of the Lewis number there is a Hopf bifurcation point on the (α, c) curve, dividing it into a stable and an unstable branch. The saddle-node and Hopf bifurcation curves are also determined in the (α, L A ) parameter plane, where L A is the Lewis number of the fuel. The two curves have a common Takens-Bogdanov bifurcation point, where the linearized system has a double-zero eigenvalue. These methods have been widely applied for different models. In Balmforth et al. (1999) the stability of travelling wave solutions of an autocatalytic system was studied. The stability of solitary wave solutions of a wide range of nonlinear evolution equations, including the generalized KdV, Boussinesq and KdV-Burgers equations, was studied in Pego & Weinstein (1992) . The spectral stability of a large family of viscous shock waves including compressive and under-compressive travelling waves in thin-film models was investigated in Gardner & Zumbrun (1998) and Hoff & Zumbrun (2000) .
Finally, we perform some numerical simulations of an initial-value problem, from which our dimensionless versions of (1)-(3) can be derived, in cases when the travelling waves are unstable. We find only periodic behaviour (single and periodic 2-oscillations). These cycles can include periods of rapid propagation and high temperatures (above the burnt gas temperature) and periods when the flame is virtually stationary.
The model
In order to make (1)-(3) dimensionless, we introduce the following variables:
where
Substituting (6) into (1)-(3) and introducing the notation
we obtain
on −∞ < y < ∞, where primes now denote differentiation with respect to y and c is the dimensionless flame velocity. Here we assume that T a = 0 in order to avoid the mathematical difficulties associated with a lack of a 'cold boundary' (Williams, 1985; Zeldovich et al., 1985) . The boundary conditions are
We also assume that
This assumption excludes the trivial solution b ≡ 0, a ≡ 1, w ≡ 1. Here the Lewis numbers L A and L W and the parameters α, β, µ, ε are non-negative.
The shape of the (α, c) curve

Theoretical results
We use the following proposition, which was established in Simon et al. (2003) .
PROPOSITION 1 (1) The functions a and w are decreasing on −∞ < y < ∞. 
We shall refer to temperature profiles with b + > 0 as fronts, and when b + = 0 as pulses. It is clear from the differential equations (10) and (11) that, in the case of fronts (b + > 0) we have a + = 0 and w + = 0, since in this case f 1 (b + ) > 0 and f 2 (b + ) > 0. Hence from (16) we must have that α < β for fronts.
We will refer to the case α = 0 as the adiabatic case, since there is no heat loss in the system. In this case system (10)-(12) reduces to a system of two equations. In Marion (1985) it was shown that this system has a unique solution, when L A 1, i.e. there exists a unique value of c for which this problem has a solution. This value of c will be denoted by c ad . (In the case L A < 1 uniqueness is not known. In Bonnet (1995) it is shown that if f 1 is a suitably chosen step function, then the system can have three solutions. Nevertheless, in the numerics the adiabatic velocity c ad appears to be unique for this case as well.)
In the case of unit Lewis numbers L A = L W = 1 our system can be reduced to a system of two equations. This case was investigated in Simon et al. (2003) in detail, where it was shown that, for any point on the (α, c) curve, c < c ad and that, for µ 1, we have α β + 1. The first estimate is confirmed by the numerics in this paper for other values of the Lewis numbers. The second estimate is established for general Lewis numbers in Proposition 2. Our numerical results suggest that the estimate for the 'cut-off' value for α when µ 1 is somewhat of an overestimate. However, we will prove that at the turning point α < β, which means that the extinction value of α is less than β, see Proposition 5.
PROPOSITION 2 If µ 1 and system (10)- (14) has a solution, then α β + 1.
Proof. The proof is based on an estimate for the nonlinear terms in equation (12) . In order to get the necessary estimates we need the following inequalities:
The inequalities in (17) (10) and (12) and integrating on (−∞, y) we obtain
Applying this inequality at y = y * we get
which contradicts to the first statement of Proposition 1. Thus we have shown that (18) holds.
Using (17) and (18) we obtain
Now assume that system (10)-(14) has a solution for α > β + 1. Then according to (20) the nonlinear term in (12) is negative. On multiplying (12) by e −cy and integrating over (y, ∞) we get
Thus b would be a decreasing function, hence from boundary condition (13) we would get b(y) < 0, which, with (15), is a contradiction.
Numerical results
Here we present our numerical results obtained by the finite-difference discretization of our boundary-value problem. The (α, c) curves are obtained with a pseudo-arclength continuation method (Govaerts, 2000) . Our numerical method was described fully in Simon et al. (2003) . There we considered the case of unit Lewis numbers L A = L W = 1, in which case the system can be reduced to two equations. We now present results for the full three-variable system for representative values of L A and L W . As in the case of unit Lewis numbers we introduced the new independent variable y = cy and then approximated problem (10)- (14) with a boundary-value problem on a bounded
The approximation is based on the fact that the nonlinear (reaction) terms tend to zero as y → ±∞. Neglecting the nonlinear terms in (−∞, 0) and in (L , ∞) the differential equations can be solved analytically in these regions, hence we get boundary conditions for all three functions at y = 0 and at y = L ensuring the smoothness of the solution. This gives six boundary conditions. Using the translational invariance of the differential equations we get an extra boundary condition, namely we can assume that b(0) = b I , where b I is a suitably chosen small number, corresponding to an ignition temperature. Thus we have seven undetermined boundary conditions. The extra boundary condition is used as the final equation of the discretized system, and enables us to determine the value of the velocity c.
Introducing N grid points in the interval [0, L] we discretize the differential equations with finite differences. Assuming that the differential equations are satisfied at the N − 2 internal grid points, we get 3(N − 2) equations. Hence, together with the seven boundary conditions we have 3N + 1 equations for the same number of unknowns. This system can be solved using Newton-Raphson iteration if a good initial guess is known. The solution for the adiabatic case α = 0 can be obtained easily starting from linear profiles as an initial guess. Then increasing the value of α the solution can be obtained by continuation. We applied a standard pseudo-arclength continuation method in the space R 3N +2 (Govaerts, 2000) . We chose the values of b I and L to ensure that problem given in [0, L] is a good approximation of (10) In our numerical studies we fixed the value of ε at ε = 0·1 and determined the (α, c) curves for different values of L A , L W , µ and β. We found, similar to the case of unit Lewis numbers, that an (α, c) curve can have three different shapes depending on the value of µ and β. For µ > 1 the curve is monotone decreasing with increasing α and is unbounded in the α direction, i.e. there is no quenching. For µ 1 the curve is bounded in the α direction, as was proved in Proposition 2, but can have two different shapes. For larger values of β the curve is monotone decreasing and for smaller values of β it is S-shaped. Thus there is a quenching value of α and there is a range of α for which there are three different wave velocities. These results suggest that for µ < 1 hysteresis bifurcations occur at certain values of β. The hysteresis curve will be dealt with below (see Fig. 3 ).
In order to reveal the possible shapes of the (α, c) curves we fixed the value of β and µ and determined the curves for 16 different pairs of (L A , L W ), namely for L A = 0·5, 1, 2, 5 and L W = 0·5, 1, 2, 5. This has been done for different values of β and µ. We found that the (α, c) curves can have the three shapes mentioned above. The results corresponding to the case β = 0·01 are shown in Fig. 1 . (For other values of β we got qualitatively similar curves.) In Fig. 1(a) , µ = 0·1 is fixed and L A , L W are changed, the values used are shown in the figure. We can see that this value of (β, µ) is above the hysteresis curve (for the L A values chosen), because all the (α, c) curves are monotone decreasing. In Fig. 1(b) , µ = 0·8 and L A , L W take the same values as in Fig. 1(a) . Now the (µ, β) parameter pair is below the hysteresis curve for L A = 1, 2, 5, because their (α, c) curves are S-shaped, and is above the hysteresis curve for L A = 0·5, because its Summarizing, we can say that increasing the value of L W the (α, c) curves move to the left, but their qualitative shapes do not change. However, varying the value of L A , not only the position but also the shape of the curve can change-increasing the value of L A the first section (close to the c axis) of the (α, c) curve moves upwards, because the adiabatic flame velocity increases. We determined the dependence of the adiabatic flame velocity on L A . This is shown in Fig. 2 , where the upper and lower estimates for the flame velocity for L A → ∞ are also shown. In this limit (solid combustion) the adiabatic system can be reduced to a single equation, hence upper and lower bounds for the adiabatic (Volpert et al., 1994) . flame velocity can be derived analytically (for any value of the activation energy, not only for high activation energies). According to Volpert et al. (1994, p. 375 Concerning the shape of the (α, c) curves, we have seen that, for fixed value of µ and β, there is a hysteresis bifurcation value of L A , for which the curve has an inflexion. For smaller values of L A the curve is monotone decreasing, and for larger values the (α, c) curve is S-shaped. In the latter case the curve has two turning points, i.e. there are two values of α where saddle-node bifurcations occur. The loci of the saddle-node points form a cusp curve in the (α, L A ) parameter plane, as is shown in Fig. 9 . In this figure we put β = 0·001, µ = 0·1, L W = L A and using a continuation algorithm we changed the value of L A and determined the value of α for which the curve has a turning point. The left branch of the cusp curve belongs to the lower turning points and the right belongs to the upper turning points. For these values of ε, β, µ we found that the cusp point is at L A = 0·4124.
Figure 1(a) shows that, for µ = 0·1, the hysteresis value of L A is above L A = 5, because for L A = 5 the curve is monotone. Figure 1(b) shows that, for µ = 0·8, the hysteresis value of L A is below L A = 1, because for L A = 1 the curve has a turning point. Therefore we can see from Fig. 1 that increasing the value of µ the hysteresis value of L A decreases. Hence we can expect that increasing the value of L A the hysteresis bifurcation curve in the (µ, β) parameter plane moves to the left. In Fig. 3 below the curve, then the (α, c) curve is S-shaped. The hysteresis bifurcation curve appears to tend to the vertical line µ = 1, but our numerical method does not reveal whether it is bounded or unbounded in the β direction, i.e. we cannot determine whether the line µ = 1 is a tangent or an asymptote of the curve.
Stability of the flame
In this section we determine the (linear) stability of the propagating flames, regarded as permanent-form travelling wave solutions of the time-dependent system, based on the thermal/diffusive model,
(Here τ and x are dimensionless time and space variables.) The travelling wave solutions of (10)- (14) are then functions only of the travelling co-ordinate x + c τ and are linearly stable if the spectrum of the operator L (except the zero eigenvalue) is in the left half of the complex plane, where
We consider L as an operator defined for the C 2 functions in the space
endowed with the supremum norm. We note that we could work alternatively with the function space L 2 . The complex number λ is a regular value of L if the operator L − λI has a bounded inverse. The spectrum σ (L) of the operator L consists of the non-regular values. Following (Henry, 1981 ) the essential spectrum σ ess (L) is the set of those points in the spectrum that are not isolated eigenvalues of L. The location of the essential spectrum can be estimated and, for our system, it can be shown that it lies in the left half-plane (Henry, 1981; Volpert et al., 1994) . In the next section we will investigate the essential spectrum in detail, obtaining more information about its location. For example, we will see that, if the imaginary axis of the complex λ plane is a tangent of the essential spectrum, then the tangent point is at the origin, and we can determine the domain of the Evans function. The isolated eigenvalues of L are then investigated. First, we present two qualitative results using the Evans function, the zeros of which are the isolated eigenvalues. We show, without the exact determination of the eigenvalues, that Hopf bifurcations and saddle-node bifurcations occur at certain values of the parameters. We then determine numerically the first pair of isolated eigenvalues along the (α, c) bifurcation curves. These eigenvalues are obtained by discretizing the linear eigenvalue problem
with finite differences and computing the eigenvalues of the matrix obtained from the discretization.
Characterization of the essential spectrum
The complex number λ is a regular value of L if for any function W ∈ C 0 there exists a unique solution of the equation
and there exists K > 0, such that V K W . We introduce the first-order system corresponding to (24), putting
The corresponding first-order system is then
is the inverse of the diagonal matrix formed by the scaled diffusion coefficients, and
is the Jacobian of the travelling wave equations. Now t plays the role of the travelling coordinate x + c τ . A complex number λ is a regular value of A λ if, for any y ∈ C 0 (R, C 6 ), there exists a unique solution x ∈ C 0 (R, C 6 ) of (25), and there exists K > 0, such that x K y . The complex number λ is called an eigenvalue of A λ if for y = 0 there exists a non-zero solution x ∈ C 0 (R, C 6 ) of (25). It can be shown that σ (L) = σ (A λ ) and the eigenvalues of L and those of A λ coincide. Since the functions a, w, b tend to their limit exponentially at ±∞, the limits
exist and there exist positive numbers
In what follows we consider a general system of the form (25) in C n , and assume that the limits above exist at ±∞ with exponential decay. We use the notation C 0 = C 0 (R, C n ), and denote the fundamental system of (25) by Ψ λ (t), i.e. the n columns of the matrix Ψ λ (t) are n independent solutions of the homogeneous systemẋ(t) = A λ (t)x(t).
The dimension of the stable, unstable and centre subspaces of the matrices A 
The following statement can be proved using exponential dichotomies and perturbation theorems (Coppel, 1978; Eastham, 1989; Sandstede & Scheel, 2001) .
and for
there exists x 0 ∈ C n , such that the function Ψ (t)x 0 is bounded in R + or in R − , but does not tend to zero at +∞, or −∞.
This lemma shows that there exists an n + s (λ)-dimensional subspace E + s (λ) ⊂ C n of initial conditions from which the solution of the homogeneous system tends to zero at ∞, and there exists an n − u (λ)-dimensional subspace E − u (λ) ⊂ C n of initial conditions from which the solution of the homogeneous system tends to zero at −∞. Lemma 1 implies the following proposition (Henry, 1981) .
Hence we have to consider only the case when n + c (λ) = n − c (λ) = 0. For this case the following proposition is of primary importance for our discussion. (1) and (2) in Proposition 4 can be explicitly determined, i.e. the essential spectrum can be given analytically.
COROLLARY 1 For the essential spectrum of A λ we have
However, we cannot calculate the dimension of E + s (λ) ∩ E − u (λ) directly since the subspaces can be determined only via solving the differential equationẋ(t) = A λ (t)x(t). Therefore, to make the distinction between items (3) and (4) (in Proposition 4) we need a numerical solution, i.e. the isolated eigenvalues can be determined only numerically. This can be done using the Evans function, which we now consider.
Let
(Hence Ω contains the isolated eigenvalues, because according to Proposition 4 for the isolated eigenvalues n
, and a basis of the subspace
λ)) > 0 means that the two bases together give a linearly dependent system of vectors. That is, the determinant formed by these n vectors is zero. The Evans function is defined as this determinant.
DEFINITION 1 The Evans function for the matrix
We have seen that the isolated eigenvalues are the zeros of the Evans function. It can also be shown that the multiplicity of an eigenvalue is equal to the multiplicity of the zero of the Evans function, and that the Evans function is an analytic function on the domain Ω (Alexander et al., 1990) .
We determine the bases of the stable and unstable subspaces numerically in the following way. We calculate the eigenvalues of A , and the determinant defining the Evans function can be computed. We note that, if L is very large and there is a significant difference between the real parts of the eigenvalues µ 1 , . . . , µ k , then the solution for the eigenvalue with largest real part will dominate and the solutions starting from linearly independent initial conditions will be practically linearly dependent at zero. (A similar case can occur on [−L , 0].) To overcome this difficulty the problem can be extended to a wedge product space of higher dimension (Brin, 2001) . Now consider our case. From (26) we get
where Q − is a 3 × 3 zero matrix, 
Hence
Since Q ± are lower triangular matrices, (28) is equivalent to
Therefore the set of those λ values for which n + c (λ) 1, that is, µ = iω (for some ω ∈ R) is a solution of (29), consists of three parabolas, denoted by P Fig. 4(a) the parabolas are shown in the case of a pulse solution, in Fig. 4(b) the parabolas corresponding to a front solution are shown. We define the parabolas P − 1 , P − 2 , P − 3 similarly as the loci of those λ values for which n − c (λ) 1: they are shown in Fig. 4(c) . The parabolas are given explicitly by
According to Corollary 1 these parabolas belong to the essential spectrum. It can easily be seen that if λ is to the left of P +
, then both solutions for µ of equation L −1
A µ 2 − cµ + Q ± 11 − λ = 0 have positive real part, and if λ is to the right of P + 1 , then one of the solutions has positive real part, the other one has negative real part. The same is true for the other parabolas. Therefore we can determine, for any λ, the value of n + s (λ), i.e. the dimension of E + s (λ), and the value of n − u (λ), i.e. the dimension of E − u (λ). The values of these numbers are shown in Fig. 4 in the different domains determined by the parabolas. As a simple consequence of Proposition 4 we obtain the following properties of the spectrum. (c) we can see that dim(E + s (λ)) + dim(E − u (λ)) = 6 holds for any λ ∈ C except on the parabolas. Hence according to statements (3) and (4) of Proposition 4 any λ which is not on the parabolas is a regular value or an isolated eigenvalue. of the real axis we have dim(E + s (λ)) = 0, dim(E − u (λ)) = 6, hence the conditions of Proposition 4 item (3) are fulfilled and λ is a regular value. Thus for pulses a saddle-node bifurcation cannot occur. Therefore, the turning points belong to front solutions, and front solutions can exist only for α < β-see the explanation after Proposition 1.
Bifurcation results obtained with the Evans function
Here we show that Hopf bifurcations and saddle-node bifurcations occur at certain parameter values, without computing the isolated eigenvalues explicitly. The Evans function is a useful tool for this purpose. As we have seen, the zeros of the Evans function are the isolated eigenvalues, hence solving the equation D(λ) = 0 with NewtonRaphson iteration we can get several eigenvalues. However, the main advantage of the Evans function method is not to find the explicit values of several eigenvalues but to decide whether a closed curve in the complex plane encircles some eigenvalues or not. In this section we show that, on changing the value of L A , two complex eigenvalues cross the imaginary axis, i.e. a Hopf bifurcation occurs, and we show that by changing the value of α a real eigenvalue crosses the imaginary axis at zero, i.e. a saddle-node bifurcation occurs.
Let 
The eigenvector corresponding to µ i is u i = (u i , µ i u i ) T , where
If 
We solved the travelling wave equations (10)- (12) We can decide whether there is an eigenvalue with positive real part by computing the image of a half-circle centred at the origin and lying in the right half-plane under the Evans function D. If the image winds around the origin, then by the argument principle there is (at least one) zero of D in the half-circle. Choosing a sufficiently large half-circle all the eigenvalues with positive real part are inside the half-circle, because an estimate can be derived for the eigenvalues with positive real part. Alternatively, if we can prove that D(λ) tends to a limit as |λ| → ∞ and Reλ > 0, then we can compute the image of the imaginary axis, instead of a half-circle. We do not prove this here, hence we apply the half-circles.
In Fig. 5 we can see the image of a half-circle lying in the left half-plane under D for the parameter values ε = 0·1, α = 0, i.e. in the adiabatic case. The centre of the half-circle is at 0·001 + 0i; in order to avoid the origin, its radius is 0·05 and its straight segment part is vertical. In panel (a) L A = 3: this value is below the Hopf bifurcation value (which is at L A = 3·2217, see below). Now the image of the half-circle does not wind around the origin: the winding number was computed as 0, as is shown in the figure. Hence there is no zero of D in the half-circle. We get the same result for half-circles with larger radius. In Fig. 5(b) L A = 4: this value is above the Hopf bifurcation value. Now the image of the half-circle winds twice around the origin; the winding number was computed as 2. Hence there are two zeros of D in the half-circle. This shows that the Hopf bifurcation value of L A is between 3 and 4.
In Fig. 6 we can see the image of a half-circle lying in the left half of the complex plane under the Evans function D in the case L A = 1. Now α is below, but close to the extinction value. In (a) the flame solution belongs to the point on the stable branch of the (α, c) curve. In (b) the flame solution belongs to the point on the unstable branch.
Determining the eigenvalues with finite-difference discretization
In this section we solve (23) with finite-difference discretization. In Beyn et al. (1999) it is shown that the eigenvalues of the truncated problem
tend to those of the original problem (23) as l → ∞. Therefore choosing a sufficiently large number l we discretize problem (30)-(31) with finite differences on a grid of N points and solve the 3N -dimensional matrix eigenvalue problem
It can be shown that the eigenvalues of (32) tend to those of (30)- (31) as N → ∞ (Keller, 1968) . We increased the values of l and N until the required accuracy was achieved. We now present our numerical results obtained by this method. First we solved the equations in the adiabatic case (α = 0) for increasing values of L A . We found that a Hopf bifurcation occurs at a certain value L H A of this parameter. For ε = 0·1 this value was found to be L H A = 3·2217. Below this value the adiabatic flame is stable, above L H A it is unstable with a pair of complex eigenvalues with positive real part.
We then determined the eigenvalues of the linearized system for points on some of the (α, c) curves. For a given point of the curve, from (32), we got 3N eigenvalues. Since zero must be an eigenvalue (because of the translational invariance), we determined the
Re D eigenvalue with smallest absolute value and omitted it from the set of eigenvalues. Then we determined the two eigenvalues with largest real part. According to the position of these we can have four cases. The real part of the remaining eigenvalues are negative for the parameter values used in these computations. We have seen that the value L W has only a small effect on the shape of the curve, therefore we carried out our computations for the physically relevant value L W = L A when L A 1 and we put L W = 1 for L A < 1. In Fig. 7 the stability results are shown for β = 0·01 and for µ = 0·1 in panel (a) and for
Im
there is a Hopf bifurcation point on the curve. If µ and L A are sufficiently large, e.g. L A = 5 in Fig. 7(b) , then there are turning points on the curve. At the upper turning point one of the real eigenvalues goes to the negative part of the real line and at the lower turning point it returns to the positive half-line.
To see the behaviour of the Hopf bifurcation point we fixed the values β = 0·001 and µ = 0·1 and computed the (α, c) curve for several values of L A . In this case the curve is S-shaped, hence the relation of the Hopf and saddle-node points can be investigated. The results for L A 1 are shown in Fig. 8 . For L A = 1 the (α, c) curve consists of three parts: two of them are stable, one is unstable. From the adiabatic point (α = 0) to the upper turning point there are two negative real eigenvalues, hence it is a stable branch. At the turning point one of the eigenvalues crosses zero, a saddle-node bifurcation occurs. Between the two turning points there is a positive and a negative eigenvalue, therefore it is the unstable branch. At the lower turning point the positive eigenvalue goes back to the negative half-line, hence the lower branch is stable again. The upper turning point is an extinction point for the flames developing from the adiabatic case. For higher values of α the flame solution 'jumps' to the lower branch. These flames have a much slower progagation speed, lower maximum temperatures and thus much lower reaction rates. For L A = 1·5 the (α, c) curve has further bifurcations. Close to the adiabatic point there are two negative real eigenvalues, they then merge and a complex pair with negative real part is born. On the upper branch there is a Hopf bifurcation and after the Hopf point there (a) positive half-line. Then these merge and a complex pair with positive real part appears.
Further along the curve a Hopf bifurcation occurs again, which can be seen in the enlarged picture, Fig. 8(b) . The same scenario can be observed for L A = 2, 2·5, 3, but the first part with two negative real eigenvalues is missing for L A > 1·5. When L A = 4 (not shown on the figure) the whole curve is unstable because L H A < 4 (for ε = 0·1), therefore in the adiabatic case there is a complex pair of eigenvalues with positive real part.
We can see that there is a Hopf bifurcation curve consisting of the Hopf points on the upper branch. This curve is shown in Fig. 9 , together with the saddle-node bifurcation curve in the (α, L A ) parameter plane. In Fig. 8(b) we saw that there is a Hopf bifurcation on the lower branch for L A = 1·5. Therefore it can be expected that there is another Hopf bifurcation curve, which is schematically drawn with dotted line in Fig. 9 common point of the Hopf bifurcation and saddle-node curves, denoted by TB, is a TakensBogdanov bifurcation point, where the operator L has a double-zero eigenvalue (besides the zero eigenvalue coming from the translational invariance). The Hopf curves and the saddle-node curve divide the positive quadrant of the (α, L A ) parameter plane into seven parts. The number of stable and unstable solutions is shown in the figure. (For example, '2,1') means that in the given region there are two stable and one unstable solutions.)
Numerical simulations
We solved (21) numerically starting with the system in its unreacted state (a = 1, w = 1, b = 0) and applying a local temperature input to start the reactions. The numerical scheme is an implicit one based on the Crank-Nicolson method with Newton-Raphson iteration to solve, at each time step, the sets of nonlinear algebraic equations arising from the discretization. Further details are given in Gray et al. (2002) and Lazarovici et al. (2002) . Our aim is to check that sustained time-dependent behaviour can evolve when the steady flame becomes unstable and to gain some insight into the form of this timedependent behaviour. We limit attention to two specific cases. A thorough numerical search of the full parameter range is beyond the scope of the present paper.
We start by looking at the adiabatic (α = 0) case. Here the linear stability analysis shows that there is a Hopf bifurcation at L A = L H A = 3·2217 for ε = 0·1 (which is the value we use throughout) with the system being unstable for L A > L H A . Our numerical integrations show that, with L A < L H A , a steady flame results as the long-time behaviour of the numerical integration, propagating with an average speed corresponding to those shown in Fig. 2 Fig. 10(a) where we plot the average wave speed c against τ for L A = 4·0. The figure shows that there is an initial transient period before the oscillations become established, with period τ 0 = 159·3. The numerical integrations also show that the amplitude of the oscillations are smaller as values of L A get closer to L H A , suggesting that the Hopf bifurcation is supercritical in this case. As L A is increased a period-doubling bifurcation occurs and period-2 behaviour is seen, Fig. 10(b) , for L A = 5·0. The period of the oscillations increases considerably to τ 0 = 303 in this case. The system undergoes a transition between relatively short periods when it has a high propagation speed to longer periods when it is moving more slowly; the minimum propagation speed c min = 0·073 for this value of L A . During the rapid propagation temperatures above the burnt gas temperature are achieved, i.e. the waveform has a region where b > 1, with a large gradient at the front of the flame. In the low-speed propagation the waveform is much smoother (smaller gradients in temperature) and the temperature is below the burnt gas temperature, i.e. b < 1, throughout.
This trend becomes more pronounced as L A is increased, see Fig. 10 (c) for L A = 15·0. Here the period of the oscillations has increased to τ 0 = 372 and much higher and lower propagation speeds are reached during the cycle, now c min = 0·022. This corresponds to higher temperatures and steeper waveforms during the fast-propagation part and smoother waveforms during the low-propagation speed. Note that, during the latter period, the wave becomes almost stationary. We continued our numerical integrations by increasing the value of L A , finding only period-2 oscillations for the value of ε = 0·1 used. We did not see any further bifurcations to more complex behaviour. We illustrate this in Fig. 10(d) for L A = 150·0. Here the period has increased to τ 0 = 470, the maximum wave speed is much greater and the period of slow propagation becomes longer and slower (c min = 0·0076). A system equivalent to (21) has been considered by Weber et al. (1997) in the solid combustion limit (L A → ∞). They presented results for the adiabatic case, though the form of their non-dimensional thermal-diffusion equations is different to ours. Their wave speed plots and temperature profiles are mostly qualitatively similar to the ones we found for finite (and large) L A . There is one difference in that they found period-3 oscillations for what, in our terms, would be a value of ε 0·13. We modified our numerical scheme to deal with the limit L A → ∞ and still found only period-2 oscillations for ε = 0·1.
The other case that we considered was to fix values for L A and L W at L A = L W = 4·0 and investigate how the solution changed as α was increased. We took β = 0·01, µ = 0·5, ε = 0·1 (see Fig. 7(b) ). When α = 0 the system has simple periodic behaviour, see Fig. 10(a) . At a small, non-zero value of α a period-doubling bifurcation occurs (before α = 0·0005) and by α = 0·001 period-2 oscillations are well-established, Fig. 11(a) , with period τ 0 = 751 (and c min = 0·037). By α = 0·0015, Fig. 11(b) , we still have period-2 oscillations though the secondary peaks seen in Fig. 11(a) have become less pronounced. The period of the oscillations has increased to τ 0 = 1774 with the wave having longer periods when it propagates slowly, c min = 0·0164. At α = 0·002, Fig. 11(c) , the secondary (smaller) disappear and the maximum speed is decreased. The system has returned to period-1 behaviour though the period has increased considerably (τ 0 = 5044). In this case there are long periods of the cycle when the wave is almost stationary (c min = 0·0066). We were unable to initiate propagating flames for the larger values of α tried, even though we increased the temperature input considerably. In these cases there was some initial propagation, with some A and W being consumed, before the temperature started to fall below the burnt gas temperature (b < 1). This reduced the reaction rates, further decreasing the temperatures, before finally the reactions stopped and the system returned slowly to its unreacted state. This propagation failure at α just above 0.002 may be associated with the form of the eigenvalues for the upper branch solutions changing. With L A = L W = 4·0, they change from a complex conjugate pair to real (and positive) at α = 0·00218. The rapid increase in period as propagation failure is approached is reminiscent of a homoclinic bifurcation.
Conclusions
We have considered the conditions for flame propagation and flame inhibition for a firstorder exothermic chemical reaction occurring in the presence of an endothermic reaction. We have determined the critical conditions in terms of the various system parameters, with particular attention to a 'heat loss' parameter α which reflects a combination of the relative thermodynamic and kinetic constants for the endothermic and exothermic processes. Depending on the parameters L A , L W , β and µ, plots of flame speed c against α may show one of three qualitative forms. Of particular interest are the cases with µ < 1, for which these bifurcation diagrams show a specific extinction point. Under some conditions, the c − α locus is folded into a characteristic S-shape, showing bistability between upper and lower branches of steady solutions separated by a branch of saddle-point solutions.
The critical points correspond to saddle-node turning points in these cases.
The temporal stability to longitudinal perturbations of any resulting flames was studied by investigating the spectrum of the linearized system. We have described the essential spectrum in detail. The Evans function was used to show, without computing the eigenvalues explicitly, that Hopf bifurcations and saddle-node bifurcations can occur in the system. Then the first couple of isolated eigenvalues were computed along the (α, c) curves by discretizing the linearized eigenvalue problem with finite differences and by computing the eigenvalues of the matrix obtained from the discretization. For Lewis numbers close to unity we found that, if there are three solutions, then two of them are stable and one is unstable, and there are two saddle-node bifurcation points on the (α, c) parameter curve. For larger values of the Lewis numbers there is also a Hopf bifurcation point on the curve, dividing it into a stable and an unstable branch. The saddle-node and Hopf bifurcation curves were also determined in the (α, L A ) parameter plane. The two curves have a common point, which is a Takens-Bogdanov bifurcation point. We also solved the corresponding time-dependent system for the values of the Lewis numbers beyond the Hopf bifurcation. These showed both single period and, away from the Hopf bifurcation point, period-2 oscillations. These latter oscillatory cycles have periods of rapid propagation when high temperatures (above the burnt gas temperature) are reached and much longer periods when the flame is virtually stationary and has a lower temperature.
